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m Bicycle Dynamics and Control

FEATURE

Bicycle Dynamics
and Control

By Karl J. Astrom Adapted bicycles for
Richard E. Klein, and education and research
Anders Lennartsson

his article analyzes the dynamics of bicy-

cles from the perspective of control.

Models of different complexity are pre-

sented, starting with simple ones and

ending with more realistic models gener-

ated from multibody software. We con-

sider models that capture essential behavior such as

self-stabilization as well as models that demon-

strate difficulties with rear wheel steering. We

relate our experiences using bicycles in control

education along with suggestions for fun and

thought-provoking experiments with proven

student attraction. Finally, we describe bicycles

and clinical programs designed for children with
disabilities.

The Bicycle
Bicycles are used everywhere—for transportation, exer-
cise, and recreation. The bicycle's evolution over time
has been a product of necessity, ingenuity, materials, and
industrialization. While efficient and highly maneuverable,
the bicycle represents a tantalizing enigma. Learning to
ride a bicycle is an acquired skill, often obtained with some
difficulty; once mastered, the skill becomes subconscious

and second nature, literally just “as easy as riding a bike.”

Bicycles display interesting dynamic behavior. For
example, bicycles are statically unstable like the invert-
ed pendulum, but can, under certain conditions, be sta-
ble in forward motion. Bicycles also exhibit nonminimum

phase steering behavior.

Bicycles have intrigued scientists ever since they appeared in
the middle of the 19th century. A thorough presentation of the
history of the bicycle is given in the recent book [1]. The papers
[2]-[6] and the classic book by Sharp from 1896, which has
recently been reprinted [7], are good sources for early work.
Notable contributions include Whipple [4] and Carvallo
[5], [6], who derived equations of motion, linearized around the

LOUIS MCGLELLANTHOMPSON-MCCLELLAN PHOTOGRAPHY

1066-033X/05/$20.00020051EEE
26 IEEE Control Systems Magazine August 2005

Basic Control Theory
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dn

= Vi,
a _ Ve
dt b

The transfer function from steer angle § to path deviation

n is thus

2
G,?,:S(S) = @

Combining G,s(s) with (20) gives the transfer function

from steer torque T to 7, which has the form

mgh
_ k)2 ST

bJ J

b
P (32 | b(VIVD__ mah (:z

— 1

By using both steer torque and rider lean, the zero in the
transfer function (21) can be eliminated. In fact, skilled
riders frequently use variations in forward speed as an
additional control variable, since centrifugal forces can be
altered to some extent.

When the tilt dynamics of the bicycle is stabilized by
the front fork, the maneuvering dynamics have a zero in
the right-half plane at s = ,/mgh/J, which imposes limita-
tions on the maneuverability.

Figure 5 shows the path of a bicycle when a positive
torque-step input is applied to the handlebars. Notice
that the path deviation 5 is initially positive but later
becomes negative. This inverse response behavior, which
is typical for a system with a right-half-plane zero, can be
explained as follows. When a positive steer torque is
applied, the bicycle’s contact points with the ground ini-
tially track in the direction of the applied torque. This
motion generates a reaction force that tilts the bicycle
around the positive x axis. In turn, this tilt generates a

August 2005 IEEE Control Systems Magazine a3

Basic Control Theory
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. Simulation of the bicycle with a constant positive
steer torque. The plots show the time histories of (a) the path
deviation n, (b) the tilt angle ¢, and (c) the steer angle 5.
Notice the reverse response in the path n.

Basic Control Theory

Wilbur Wright on Counter-Steering

ilbur Wright owned a bicycle shop with his
brother Orville. Wilbur had an amazing abili-
ty to intuitively understand complex, techni-
cal problems, as illustrated by the following:
| have asked dozens of bicycle riders how
they turn to the left. I have never found a
single person who stated all the facts
correctly when first asked. They
almost invariably said that to turn to
the left, they turned the handlebar
to the left and as a result made a
turn to the left. But on further
questioning them, some would
agree that they first turned the
handlebar a little to the right,
and then as the machine
inclined to the left they
turned the handlebar to
the left, and as a result made
the circle inclining inwardly. [79, p. 170]
Wilbur’s understanding of dynamics contributed
strongly to the Wright brothers’ success in making the first

airplane flight.
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1. UTORWIEZL GHESTSRAER L[] X, FESTSRAERFETIOETS.
(1) AFVvTEHL(ODFTSRAEREUE A E RO & (EFE).

(2) F(s) = L[f(t)] THREE, f(t-T) (T>0: B OSTSRALEMERD & (ESEHH).

df(t)
dt

(3) F(s) = LIF(1)] THHES, 1:[ ]ESRM)J:(E%IEEAH).

Evb RKXZALS.
(g0} = (%f(f)) JORRIO (% g(t))

(4) BQOBREYL| [, f(©)de|[ERed & (BEEH).
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2. TE®RLC MEEEZD. 1=12L, e;: AXBIE[V], i: BF[A], ep: AT Y DIRFEBE[V], R: &
m[Q), L: B2A4UF V50X [H], C: BEBE[F|ETH. CDEE, LTOMICEAK.
(D ADBEe, o0 ToHDImFEEey ETOEEBHUGC()ERDL.
R L

(2)R=3, L=2, C=1 MEE, REBBGCG)DBERD L.

(B FRIEIE(BRR)EXR N EFUN—FRR(BHR)DT7FTO—%5FZ 5. hEBE, EELERD
HASHhETHGAT LS, @, b)arToY, ()aAMIVIZHET 28D EFNFhNfEH. LL
ThOhMDEN,

R, IR, Fi—
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3. UTOI7Ov7REEMEEL, ubbyETORERBERD L.
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10s +1
u 1 - s+4 + 1 y
10s + 1 T' s |1 s—5

4. LLTOXEOZREZES CEYLGEXEZTHSE L.

Y

HEEBBEGC(s) = n(s)/d(s)(n(s),d(s)ITBIAR) TRLIZEE, n(s) = 0&7EDHsEGC(s)D

( a

), d(s) = 0&755s%G(s)D( b )EWLD. RZERADREEM, = deg(n(s)), my =

deg(d(s))&BLzEE, (¢ JOBERKZEBTCG)IFEITON—THS. #IZ, ( d )THDE

= G()IETaN—ThH5b. Ft-, TON—LEZEBAREEISIZHEFETHE, (

e )THAEETWMEIC

JoON—, ( f THAEENATON—LEZEB#MELENS. B2 0D TROT-EZBEHC(s)
(%, EFO/—, NATFONR—, BEFEIZTONR—DS56( g JzpfEshb.
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